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Really big interferometer

Figure: https://www.britannica.com/topic/Laser-Interferometer-Gravitational-wave-
Observatory/media/1/1562918/205865
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Figure: A. Gillespie and F. Raab (1994)
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ultra high vacuum quadruple-pendulum system

19 March 2025 Internal thermal noise in the LIGO test masses: A direct approach 4 / 19



Thermal Noise using Normal-Mode Expansion

a = Un
1
2 mw2

n∆l2n
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Normal-Mode Expansion

Sx(f ) ≈ ∑n
4kbT

anmw2
n

φn(w)
w
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Issues with Normal-Mode Expansion

1 Assumption that different normal modes have independent Langevin forces

2 For a small laser beam diameter, the sum over normal modes converges very slowly
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Use of generalized fluctuation-dissipation theorem

Consider a beam interacting with test mass Measurement of fluctuation of x

x(t) =
∫

f (⃗r)y(⃗r, t)d2r

where f is the distribution of the beam intensity∫
f ( ⃗r)d2r = 1

Spectral density of generalized fluctuation-dissipation theorem

Sx(f ) =
kbT
π2f 2 |Re[Y(f )]|
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Use of generalized fluctuation-dissipation theorem

driving force F(t) and as the interaction term in the Hamiltonian

Hint = −F(t)x

Hint = −
∫

P(⃗r)y(⃗r, t)d2r

where P is the pressure of F over impact area

P(⃗r, t) = F(t)f (⃗r)
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Use of generalized fluctuation-dissipation theorem

suppose we apply a oscillating pressure on the rest mass

P(⃗r, t) = F0cos(2πft)f (⃗r)

Then the admittance is then given as

Y(f ) = 2πfx(f )/F(f )

where the real component is given by

|Re[Y(f )| = 2Wdiss

F2
0
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Spectral density of test mass

Sx(f ) =
2kbT
π2f 2

Wdiss

F2
0

1 Apply oscillating pressure

2 determine the work dissipated

3 derive the spectral density
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Thermal noise due to homogeneously distributed damping

friction is conventionalized by an imaginary part of the material’s Young’s modulus

E = E0[1 + ϕ(f )]

Power Dissipated is
Wdiss = 2πfUmaxϕ(f )

U is the energy of elastic deformation of the rest mass

Umax =
F2

0
π2E0r0

(1 − σ2)I[1 + O(
r0

R
)]
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Thermal noise due to homogeneously distributed damping

Gives expression for spectral density

Sx(f ) =
4kbT

f
(1 − σ2)

π3E0r0
Iϕ[1 + O(

r0

R
)]

Comparing estimation

1 using Normal Mode with 30 Modes SGR
x (100Hz) ≃ 8.0 ∗ 10−40m2/Hz

2 using generalized fluctuation dissipation theorem Sx(100Hz) ≃ 8.7 ∗ 10−40m2/Hz
3 software aided numerical computation of U Sx(100Hz) ≃ 8.76 ∗ 10−40m2/Hz
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Improvement over normal modes method

1 Becomes more exact when the laser diameter is small

2 Less computationally intensive

3 Simpler process
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Case of surface damping

The power dissipated at each point of the material is proportional to the square of the stress at this point

Wcoatingdiss ∝ (
F0

r2
0
)2r2

0 =
F2

0

r2
0

Sx(Boundary) ∝
1
r2

0

Sx(bulk) ∝
1
r0
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one dimensional illustration
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Improvement over normal modes method

1 Becomes more exact when the laser diameter is small

2 Less computationally intensive

3 Simpler process

4 Accounts for surface of beam imperfections better
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